The spectral Matthiessen's rule is commonly used to calculate the total phonon scattering rate when multiple scattering mechanisms exist. Here we predict the spectral phonon relaxation time τ of defective bulk silicon using normal mode analysis based on molecular dynamics and show that the spectral Matthiessen's rule is not accurate due to the neglect of the coupling between anharmonic phonon-phonon scattering τ −1 a and phonon-impurity scattering τ −1 i . As a result, the spectral Matthiessen's rule underestimates the total phonon scattering rate, and hence overestimates the thermal conductivity κ of mass-doped and Ge-doped silicon by about 20-40%. We have also directly estimated this coupling scattering rate, so-called coupled five-phonon scattering τ 
tering rate when multiple scattering mechanisms exist at the same time 1 . In most solids, phonon transport is governed by phonon-phonon scattering τ z,λ c λ τ λ , where v z is the projection of the phonon group velocity along the transport z direction, V is the volume, c λ is phonon specific heat per mode 2 , and the summation is done over all the resolvable phonon modes 3 . This approach has been applied to predict the thermal conductivities of isotope-rich semiconductors [4] [5] [6] , alloys [7] [8] [9] , nanostructures 10,11 , etc. 12 . However, as an empirical rule, the M's rule assumes that the scattering mechanisms are independent, which was usually not verified in those calculations employing them. The spectral M's rule has not been examined yet, although the failures of the conventional gray M's Rules, i.e., µ tot for phonon transport 14, 15 have been studied extensively, where µ, σ, and Λ are the electron mobility, electrical conductivity and effective phonon mean free path, respectively. Take phonon transport for instance, the correct approach is to first obtain the spectral total relaxation time using the spectral M's rule τ −1 tot,λ = j τ −1 j,λ , and then derive the thermal conductivity using the Boltamann transport equation (BTE)
, where c, v g , and v p are the phonon specific heat, group velocity, and phase velocity, respectively. It can be conveniently shown that only if all the τ j 's have the same ω dependence, one can first use BTE to obtain the partial thermal conductivity due to one scattering mechanism
then use the gray M's rule to obtain the same total thermal conductivity κ
j , i.e., the gray M's rule is valid. However, in general the τ j 's have different ω dependencies.
Therefore, the failure of the gray M's rule can be expected, while the spectral M's rule has been assumed to be valid all the time. Thus in this paper, our objectives are to (1) predict the spectral phonon scattering rate τ −1 tot,λ and thermal conductivity κ without touching the detailed phonon scattering processes or the spectral M's rule, and (2) examine the accuracy dent ways. τ were obtained by performing the following NMA on pristine silicon and on defective silicon respectively,
Here, u tot,λ , the intrinsic lattice anharmonicity and the extrinsic impurity are treated as a combined perturbation to the phonon normal modes. This method does not touch the details of the scattering processes or the spectral M's rule.
From the second-order perturbation theory 1,22 , Tamura gave the isotope scattering rate by fermi's golden rule (FGR)
where
2 characterizes the magnitude of mass disorder, with β, f βb , andm b indicating the isotope types, the fraction of isotope in the bth basis atom, and the average atom mass at the bth basis. Equation (3) is equivalent to πgω 2 λ D(ω λ )/2 for cubic lattice structures, where D(ω) is the normalized density of states. The Tamura's formalism was first derived for the calculation of isotope scattering rate but recently has been applied to many other impurities with bonding change 7-9,24,25 . In the last part of the paper we study the contribution of the impurity bonding strength to the total scattering rate. In the long wavelength approximation (LWA) 22, 23, 26 , Eq. (3) is reduced to the ∼ ω 4 relation,
, where V c is the volume of a unit cell, n c is the concentration of the impurities, v g and v p are the group and phase velocities of phonon, respectively. We investigate the pristine c-Si, the mass-doped c-Si it is found that one impurity affects at most the motions of its nearest (2.3Å) and second nearest (3.8Å) neighbors because of the approximate tight binding force in silicon. In our simulation, the impurities were randomly distributed with the distance between each of the two defects being larger than 11Å to ensure the defects do not influence each other. Three or more independent simulations are conducted for each case to minimize the statistical error. In the lattice dynamics calculation we employed a k grid of 96 × 96 × 96 to obtain results as accurately as possible, since Eq. (1) requires the evaluation of delta functions. The thermal conductivity κ as a function of the 42 Si concentration at classical 300 K is shown in Fig. 2(b) . The NMA and GK are both based on classical equilibrium molecular dynamics and the same interatomic potential. In our calculation results, their agreement is good (within 5%). As seen in Fig. 2(b) for the mass doped bulk silicon, the NMA thermal conductivity values (red circles) match excellently with GK values (black squares). For pristine c-Si, our Green-Kubo and NMA methods give consistent thermal conductivity values.
In contrast, the κ calculated from the spectral M's rule [green line] has about 20%-40% overestimation. This overestimation has also been observed in the doped silicon with a broad range of mass (28-73) at a concentration of 1%, as seen in Fig. 3 . The physical mechanism for the inaccuracy of the spectral M's rule is explored from the second-order perturbation theory 34 . The phonon scattering operator and rate for a defective material are described as
where H 0 is the harmonic lattice Hamiltonian, and ε is a positive infinitesimal 34 . The first two terms H a and H i are the perturbation Hamiltonians from intrinsic anharmonicity and extrinsic impurity, leading to intrinsic anharmonic phonon-phonon scattering τ −1 a,λ and extrinsic phonon-impurity scattering τ −1 i,λ , respectively. The former includes the intrinsic three-phonon, four-phonon, five-phonon processes, etc., and the latter involves two phonons.
The third operator in Eq. (4), which was usually ignored by researchers, represents the coupling between H a and H i and may involve five or more phonons. To the lowest order of the coupling, the coupled five-phonon scattering (three phonons in the three-phonon scattering and the two phonons in the impurity scattering) provides additional channels for one mode to scatter to the other mode and thus increases the scattering rate, as shown in and (f) with detailed description found in Refs. 34, 35 . The × represents the scattering by impurity.
To roughly estimate the contribution of the coupled five-phonon scattering, we applied the approximate expression derived by Carruthers from fermi's golden rule 34 ,
where ∆ω measures "the 'lack' of energy conservation by the intermediate phonons" 34 in the five-phonon process, and ω 0 is Debye frequency 39 . This coupled five-phonon scattering rate, however, has, to our knowledge, never been evaluated. We substitute the τ in PbTe/Se alloy is estimated to be about 9%, which may account for the overestimation in Ref. 9 . In Ref. 7 , Garg et al. included the coupling implicitly by calculating the threephonon scattering rates in a large SiGe alloy supercell using fully-quantum density functional perturbation theory. Although the five-phonon processes were implicitly included in prior calculations of the total phonon scattering rates, we have isolated the scattering rate due to five-phonon processes only. To conclude, without touching the details of the phonon scattering processes, we have used the NMA approach to predict the thermal properties of defective materials more accurately than the spectral M's rule. The spectral M's rule is found to over-predict the phonon relaxation time and thermal conductivity because the spectral M's rule does not take into account the coupling between anharmonic phonon-phonon scattering and impurity scattering. Our results demonstrate one system which has strong coupling between different scattering mechanisms and estimate the coupling scattering rates with good quantitative accuracy. Such coupling exists in many different systems of solids, and can be explored for lower κ as well as higher ZT for thermoelectrics. 
